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(2, 0) Heterotic Superstring with Wess—Zumino
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By means of the identity operator and vertex operator technique, reparametriza-
tion invariance and BRST symmetry are proven for the heterotic string with
Wess—Zumino term coupling the fiber bundle. The motion space of the string is
assumed to be a direct product M, ® G of a Minkowski space M, of dimension
d with an intrinsic group manifold G of dimension d,;, and turns out to give the
critical dimension.

1. INTRODUCTION

By means of the conformal field theory, Witten (1986a.b) developed a
new mathematical framework in noncommutative differential geometry,
associated with the derivative given by the BRST charge Q. Then, using the
method of the interacting vertex of midpoint type, he constructed a
superstring. An integration of the string function and an analog of the wedge
product % have been used to form an interaction of Chern—Simons type
$ @ * ® % . The axioms obeyed by the system of |, %, and Q are as follows:

fQW:O, flp=<1[\1!> (1.1a)

JTI*W2*¢3=<V3"P,“I’2|‘P3> (1.1b)

O(4 % B)=(04) x* B+(—)*4 % (0B)  (l.lc)
(A% B)x C=A % (B*C) (1.1d)
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The action
2
S=f(‘l’*Q‘I’+?P*‘I’*‘P) (1.2)

is then invariant under the gauge transformation
V=0 —e*x¥V+¥he (L3

The string overlap is used to construct the vertex operators. For
instance, the general coupling of n strings {¥, % ¥, % - - - % ¥, is defined
in terms of a vertex such that the left-hand side of string i equates with the
right-hand side of string i + 1. Groos and Jericki (1987a—c) gave extensive
results for the open-bosonic string and superstring and proved the gauge
invariance by using conformal field theory.

In this paper, based on the Hilbert space of first-quantized creation
and annihilation operators for the (2, 0) heterotic superstring with Wess—
Zumino (WZ) term coupling the fiber bundle, we construct a superstring
field theory and prove its gauge invariance by using conformal field theory.

The organization of this paper is as follows: In Section 2 the string and
overlap conditions are given. In Section 3 the identity operator and
three-string interacting vertex are derived. In Section 4 the reparametriza-
tion invariance and BRST symmetry of this theory are proved.

2. THE STRING CONSTRUCTION AND OVERLAP

The motion space of strings is assumed as a direct product of
d-dimensional Minkowski space M, with a group manifold of d; dimen-
sions, i.e., M, ® G. In Xu et al. (n.d.) (hereafter referred to as 1), we derive
the (2, 0) heterotic string coupling fiber bundle. The Lagrangian takes the
form (with the same notation as in I)

L=L1+LF (2.13.)
Li=L,+Ly, (2.1b)
1 T PN
e—lLl = ‘E (gﬂvgaﬁ + kg#vbaﬁ) ay(pa av(pﬂ - l—igaﬁx: r (Duxﬁ
+ Xy 'y *¥, 6”(/)5—1— XgpHy ¥, ‘f’”x”) — 2iTa,,v-‘T’ﬁx°‘;T“xﬁ +hec)
(2.1¢)

1 - B}
e"LF=[§ iWAguy (0, Y2+ A5 0,0% + Al 0,07 ¥ + h.c.]

X Gp(@) = 2F,p.4p%" 0,0 "PyHy " (2.1d)
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The heterotic superstring model can be described by the set of x(g),
M), &(o), x(o), Y(o), and their conserved currents J*¢) with conformal
dimensions 0, 1,1, 1,1,1, and 1, respectively. The commutation relations

among their modes read

lg', p']1=i6" (2.22)

[a:'n’ &{1] = m5m+n,05ij (22b)
_ 1 1/2

(8., Bo]= l(“,{‘) fabcﬁrﬁ+n + n5m+n,05ab (2.2¢)

{S:u S-Z} =5abém+n,0 (22d)

{tfna t—Jn} = 5rj5m+ n,0 (226)

{uin ﬁJn} = 5[jém+n,0 (22f)

where f“*¢ are group constructive constants.

To perform the quantization in the BRST scheme, one has to intro-
duce a set of canonical anticommuting FP ghosts ¢(z, ¢), &(t, o) as well as
a set of canonical commuting FP ghosts e(, ¢), &(r, 6) with conformal
dimensions 2, —1, and 3/2, —1/2 respectively. The commutation relations
read

[Cm’ En] = 6m+n,0 (233)
(€5 €x] =0+ o (2.3b)

We are now in a position to derive the overlap equation for the above
fields. For an N-string vertex |V >, we have the overlap equations

x(6) =x""Yn — o), P(o) =P~ (n —0) (2.4a)
c'(6)=c""Yn —0), o) =¢""(n —o) (2.4b)
J.(0)=—J"(n — o), 0=<o<1n/2) (2.4¢)

y=(1,2,3,...,N)

, x4 (m—0) (NS string)
Azlo)= {-i—iA Y n —0) (R string) (24d)
A field may be any one of the y, &, ¥, e fields,
-, _fier " (n — o) (NS)
elm—o)= {ie"“ x—0) (R) (2.3)

For the Virasoro generators, we have

L(¢) =L '(n —o0), 0<o<n (2.6)
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It is readily known from (2.6) that the operator K, =L, —(—-1)"L_,
would annihilate |I >. In other words, K, will be the derivative correspond-
ing to the integration of (1.1a). The overlap equations for an identity
operator |I > can thus be obtained similarly.

3. THE DERIVATION OF IDENTITY OPERATOR AND
THREE-STRING INTERACTION VERTEX

We first consider the explicit expression of the identity operator |I) in
terms of the overlap equation for a single string. In the case of a field
having integer conformal dimension, the identity operators |I*), |I#*), |I7)
have the overlap equations

[x(6) — x(n — a)}|I*) =0 (3.1a)
[p(o) + p(n — o)|I*> =0 (3.1b)
[e(0) + e(m — O)]|I*"> =0 (3.10)
[(6) + &n — o)]|[I#"> =0 (3.1d)
V(@) +J(m —a)|I’> =0 (3.1¢)
or equivalently, resolved into their modes:
fahy, + (=)"a )| =0 (3.2a)
[, + (—=D"E_,)|I#"> =0 (3.2b)
[em —(=D™c_,J})I#"> =0 (3.20)
Wi+ (=D =0 (3.2d)

One may then write |I*) and |I#"y in the Gaussian form of creation
operators. From (3.1), we are led to unique expressions for them:

i (—1)"%a’inain}|0> (3.3a)

n=1

1
|7y = exp{—i

|77y = exp{ §1 (- 1)”e_,,é_,,}|0)‘/2 (3.3b)

where [0, = |co = 0). For the field having a half-integer conformal dimen-
sion, the Gaussian expression of its identity operator can be found by using
the Neumann function via conformal mapping (Gross and Jericki, 1987a—
¢). Passing over the computation of the correlation function, we may give
the Gaussian form of the creation operator for the identity operator as
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(consider the Nevieu—Schwarz string only)

7%y -—exp{% d"‘ Imnd“}(0> (3.4a)
|\ )-—exp{% Z S;Im,,S“_,,}|O> (3.4b)
‘l = o]
{I‘f>-—exp{—2- Z ,,,Im,,t“_,,}|0) (3.4¢)
1
[1vy = exp{é- u_mIm,,u_,,}|0> (3.4d)
llsg">=eXP{ Zl/ lf_ml_)un}|0> (3.4¢)
mup=1/2
respectively, where the Neumann functions are
o\ 1 dw"\'7?
I{p,p)=|—— — | 3.5
0:9) (ap> (w_w,)(ap,> (3.5a)
1z z'|féw\V* 1 ow\'?
V==|=+—{—]) ————|— .5b
I(p, p’) 2[2,+z]<ap,) (m—w’)(&,o) (3‘ )
The corresponding quadratic forms are
A= f da~f do’ ———Ai‘,(a)l*(o' g )A%(c") (3.6a)
*n 1 (n
X = —_ ' — 2 () Ty (0’ .6b
w= | dog | ar @) (3.6b)
"n 1 (.7! 'I 1 r ’
At = do— do’ — &t (o) * (0, 0°)¢2(0) (3.60)
J 2n ) ., 2n
A = da% do -——l// ()Y (a) (3.6d)

where the superscript + denotes the creation operator parts. The case of
constructing three-vertex operators are similar. Through the same manipu-
lation, their explicit forms read

3 0
sy -exp{ T 5 a0 K;g,,aayg};m (3.72)

r.s-«lmn—l

rs=1mn=1/2

3
[V§> _ exp{—; Z Z da(r) K da(r)}’O) (37b)
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1 3 0
|V§> = exp{i z Z A S‘ﬁr,)nK,rfnS{ﬁr,?}m) (3.70)
=1l mn=1]
3 ©
Ve = exp{ by t“",},K{ﬁ,J‘ﬁ’,,’}lO) (3.7d)
V5> = exp{ . Zl/z u“n K:,,,,u‘ﬁ’,,’}m) - (3.7¢)
Here the Neumann functions are given by
K¥(p,p) = In(w — v’) (3.8a)
1/2 N2
Ki(p.p) = K¥@, ) = K(p, p) = K¥(p.p) = (22) " —— (%2
6p w—w \dp’
(3.8b)
ow 1 dw’
K (p,p)= (3.8¢)

ap (@ —w)?dp
and the quadratic form is given by
n | 1
A — __ r T oqr (A) N+ A4r ’
A Ln do 7 Jﬁn do o A (0K (0, 6)] AL, (c) (3.9

where A4 is any one of the fields x, A, x, & W. Vertex operators for
conformal and superconformal ghost fields are given by

3 ©
Vi = exp{ )RS b:nann";gnc:,,}lw (3.102)
rg=1mn=1
|V§gh>=exp{ Y 2 B Kgteyr ,,}|0> (3.10b)
rg=1lmn=1
Here the Neumann functions are given as follows:
K#(p, p) =5 | Z+= do’ Oey (3.11a)
z’ 6p ap :
1|z z'|fow 1 dw\'?
p,p)=5|=+— |5 — 3.11b
K. 0 2[z’+z](6p’> w—w’(@p) ( )

where

1 s IO\ 1/2
Z'r = (wir)llz =2z, (1—+€%> s r= 1—, 2, 3
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and the quadratic forms are given by
N t (= 1
- . [y ghrs INES. 14 ’
A J‘—R do 7 j.,, do o e, (0)[K#"(a,0")] "e.,(c") - (3.12a)

I 1 [ 1
ee — d [ r sghrs, N +a ’ . 2
A f_ndazn f_n o' o Bo () K*™0, 6] "7 (07)  (3.12b)
respectively, while [0,, = |C}=0)> =|C}=0)> =|C3=0) has ghost num-
ber 3/2.

We introduce the following modified vertices for superconformal
ghosts:

| V;sgh> — X(%)e —0("/2), V§8h> (3 1 33)
l Visehy = Y(_g)e 0(1!/2)' I (3.13b)

Here, two midpoint modification factors, the picture-changing operator
and the inverse picture-changing operator, are as follows:

1 i abe
X = L] :x,laz_{_________—_ Joz «__ xn, ba,
+C ¢ +e2®2C
Y=Codle 2®

where ¢ and 5 are anticommuting variables with conformal dimensions 0
and 1, respectively, while e® and e ~®, denoted by e¢® = d(e) and e ~® = ()
formally, have ghost numbers 1 and —1, respectively, whose conformal
dimensions are 3/2 and — 1/2, respectively.

4. THE QUANTIZATION OF THE STRING

In order to quantize the heterotic superstring constructed above, we
introduce the BRST charge Q as follows (Xu et al, n.d.):

Q=Y Lré:+) Fyre: —%Z(m —n) &% % e, . ——Z(m —%n)

X :e* e’

§T -y

ey — Y @ 8P el i — Y €T en,  —ac,:  (4.1)
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where
L’ __.lz <o D) g x(7) - +lz m— ln Sa(p) Sa(p) i Z ! -n
2 smmm 2 2 T2

X 3P, 1A 4o Z(m +; ):u;‘(_")mufﬁ(”:
1
— g P JHp).
+2[1 T C. A JH) Jae. {4.2a)

1
(U

f Z Ba(r)ﬁm(p) Sg(t): +Z :Bd(r)ua(r): + Z :Sd(f)uﬂt('):}
(4.2b)

F" Z oc“(") da(p) +Z

(ﬁ)

K,=L,—(—1)*L_, (4.2¢)

We can prove that K, and Q are mutually related as follows:

D D
= { ; [ef — (—)":], Q} = ; [L:—(=D"Li}=L,~(-D"L_,
(4.3a)

F,,=[Q, }D: ef,:|=Fj,—Z<n—~%m> C_nBuim: =2 _Cuim:

=1
(4.3b)

where
1
L=L,+Y (n+m):ic;_,cr:+y (5” + m) ey _m€n: —Dad,,

=L, + L& + L¥*" + Doad,, (4.3c)

w1th the D representing the number of strings. For the 1dent1ty operator,
=1, while for the three-string vertex, D =3.
We are now in a position to demonstrate the reparametnzatnon and
BRST invariance of the vertex operator (Green et al., 1987; Trami, 1991),
namely

K,|Vp)>=1 (4.42)
- QVp>=0, D=1,2...,N (4.4b)
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By an algebraically tedious (but simple) calculation, one can prove that

d
KfN|I"‘) = ) N(—)N|1x> (4.5a)
gh | rrgh 26 Niysgh
K5yl >=-§~N(—) 187y (4.5b)
K [IJ>= —EJ—G--——I——-*N(—)NUJ) (4.5¢)
N 2 [1+C,/2K] '
, , 1 3 2N-—1 " .
_ - p
Kon (V3D A1+ C,/2K] rgl ngl (2N m)me,sz~m|V3> (4.5d)
Kix|V5) = N(—)¥ > ‘—i|V5> (4.5¢)
2N 3 2322 3 .
¥ (Y v o 1
KiWVY> =N(-) 2‘32§W3> (4.59)

In conclusion, we obtain the following results:
Kon 1) = Ko Y)W eGN I YIS
=koyN(—=DI> (4.6a)

Kon V) =konXBe ~ VOV E Ve

I/gh> .I/sgh>

=k N(= DYV (4.6b)
where
boy = =4+ k3 +kiy + ki + ky + Sy +kSy + RSy + K3

_J 4.4 46 4G 4 dG 4G 1
475 151+C, 2%k 2 [1+C,J2k]

—————— +13 —%}N(—I)N” (4.6¢)

d d d; 1. 4 4G
kinv=4 ¢ 2L 56, -7
2w +2-3{d+[1+CA/2k]+2+2+5dG+151+C,,/2k

d 1 17
+5t5— 26— ?} (4.6d)
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It follows from (4.6¢c) and (4.6d) that when

2 4 4,
—2-fg-L % 4,
d 590 5T C, 2% (4.72)

7 2 d,
- liag-L % _ 4.
! 5% 75T C, % (4.70)

kan, k5 vanish. These results are the same as Xu et al. (n.d.) and show the
reparametrization invariance. For the other boundary conditions we get a
similar result. From

ol = 2 e_k\I> (4.82)

3 0
oy =3 ¥ X etklVs) (4.8b)

we may infer the BRST invariance.
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